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The role of relativity in framing statements about 
quantum information is illustrated by the fact that quan- 
tum entanglement can depend on the reference frame of 
the observer. In particular, Lorentz transformations can 
change the entanglement of the spins of massive parti- 
cles [H 0]. This happens because Lorentz transforma- 
tions of the spin of a particle depend on its momentum 
H i, B @, 0,B, S M, El IS ESI- There is a rich vari- 
ety of possibilities. Examples selected for calculations [lj 
have left questions to be answered. Is a separable spin 
state changed into a maximally entangled state only in 
the limit of an infinite Lorentz transformation and/or in- 
finite momenta? Does an increase of the entanglement 
for the spins of two particles require a decrease in the en- 
tanglement of their momenta? What happens when the 
particles are indistinguishable? 

Here we give simple examples of Lorentz transforma- 
tions that entangle the spins and momenta of two parti- 
cles with positive mass and spin 1/2. They apply to in- 
distinguishable particles, produce maximal entanglement 
from finite Lorentz transformations of states for finite 
momenta, and describe entanglement of spins produced 
together with entanglement of momenta. The opera- 
tions are made transparent by describing the spin states 
with density matrices written in terms of Pauli matrices, 
so you can see the Pauli matrices being rotated by the 
Wigner rotations of the Lorentz transformations. 

From the entanglements we consider, we find no sum 
of entanglements that is unchanged. This leads us to 
question what is meant by the statements that "Lorentz 
boosts introduce a transfer of entanglement between dif- 
ferent degrees of freedom, . While the entanglement 
between spin or momentum alone may change due to 
Lorentz boosts, the entanglement of the entire wave func- 
tion (spin and momentum) is invariant" [l[ and that "En- 



tanglement was shown to be an invariant quantity for 
observers in uniform motion in the sense that, although 
different inertial observers may see these correlations dis- 
tributed among several degrees of freedom in different 
ways, the total amount of entanglement is the same in 



all inertial frames" [14|. We are afraid that these state- 



ments might incorporate an incorrect extrapolation from 
earlier examples where a change in the entanglement of 
the spins was accompanied by a change in the opposite 
direction of the entanglement of the momenta [l[ . 

We will consider two particles, A and B, that have pos- 
itive mass and spin 1/2. We use Pauli matrices Si, S2, S3 
for the spin of particle A, and Pauli matrices Hi, 32, S3 
for the spin of particle B. We consider two-particle states 
described by state vectors or density matrices made from 
state vectors of the form 



|PA)Ps)l s P ms ) 



(1) 



where |pa,Pb) = |pa)a \pb)b is a product state vector 
of length 1 that represents a state for the momenta of the 
two particles composed of a state where the momentum 
of particle A is concentrated around a value and a 
state where the momentum of particle B is concentrated 
around a value ps, and |spins) represents a state for 
the spins of the two particles. A Lorentz transformation 
A changes each |p) to a state vector we call |p) A and 
changes \pa,Pb) to 



\ P a,Pb) A = \ P a) a \pb)$ 



(2) 



which describes momenta concentrated around the 
Lorentz-transformed values Ap^, Ap^. This is the uni- 
tary transformation on the space of momentum states 
that would represent the Lorentz transformation if the 
particles had no spins. The Lorentz transformation 



2 



changes the state vector (QJ for momenta and spins to 

\pA,PB) A D A (p A )D B (p B )\spms) (3) 

where Da and D B are operators on the spin states for 
particles A and B respectively, D(jp) means D(W(A,p)) 
with W(A,p) the Wigner rotation [l5[ for the Lorentz 
transformation A and the four- vector momentum p corre- 
sponding to the three- vector momentum p and the given 
positive mass, Da(W) for a rotation W is the 2x2 uni- 
tary rotation matrix made from the Ej so that 



D A (W)i HD A {W) = W(E) 



(4) 



where W(£) is simply the vector E rotated by W, and 
Db(W) is the same for S. We assume that the mo- 
menta are concentrated closely enough that we can use 
orthogonal state vectors for concentrations around dif- 
ferent momentum values, use a single Wigner rotation 
for each concentration, and accept the accuracy of these 
approximations. 

Suppose that for the state of the pair of particles there 
are just two pairs of momentum values, (padPBi) an d 
{Pa 2 >Pb 2 ), an d that the state of the two particles is ei- 
ther a pure state represented by a state vector 

A=\Pa 1 ,Pbi)\0) + -j=\pa 3 ,Pb 3 )\0) (5) 

or a mixed state represented by a density matrix 

^|PAi,PB 1 )(PA 1 ,PB 1 |p + ^|pA 2 ,PB 2 )(PA 2J PB 2 |p (6) 

where 



p=|0)(0| 



(7) 



so that the state of the spins, described by the state vec- 
tor |0) or the density matrix p, is the same in both cases. 

Let p A be the density matrix that represents the state 
of the spins after a Lorentz transformation A. It is ob- 
tained by taking the trace over the momentum states 
I PA i Pb) A of the density matrix for the state of the two 
spins after it is changed by A. Each constituent state 
vector ([T]) is changed to the spin-rotated state vector J3]). 
This gives 



1 



- D A (p Al ) D B {pb x ) pD A (pa 1 V D b {pb 1 ) 
+ ^D a (pa 2 )Db{pb 2 )pDa(.pa 2 ) ] D B {p B2 y . (8) 

Let pa ± = —PBx = —Pa 2 = Pb 2 be along the x axis 
and let the Lorentz transformation be in the y direction 
with velocity v. Then the Wigner rotations are around 
the z axis. If W(A,p Al ) and W(A,ps 2 ) are rotations by 
<j> around the z axis, then W(A,p Bl ) and W(A,pa 2 ) are 
rotations by —<fi around the z axis. This can be seen, 
and 4> can be calculated from pa x and v, by using the 



formulas from Halpern [16| that we have described 13 
Section V]. 

Suppose p is one of the density matrices 



1 



P± 



1 ± EjSi ± E2^2 — E3S3J. 



(9) 



Both p + and p_ represent maximally entangled pure 
states for the two spins. They are Bell states. The state 
of zero total spin is represented by p_ and the state ob- 
tained from that by rotating one of the spins by 7r around 
the z axis is represented by p+ . The Lorentz transforma- 
tion takes p± to 



pi 



i|i[l ± (Ei cos0 + E 2 sin <j)) (Hi cos</> — ^2 sin<^ 
±(— Ei smcj) + E2 cos 0)(Si smcj) + E2 coscf>) 

-E 3 S 3 ]} 

| — [l±(Ei coscf) — E 2 sin 0) (Si cos 



1 (I 

2 



± (Ei sine/) + E2 cos 4>){— Si sine 



-[1 ± (E1S1 + E 2 S 2 ) cos 20 - E3S3] 



- s 2 sin <p) 
S 2 cos 0) 
-E3S3]} 



= p± cos 



pzf sin 



(10) 



We focus on the case where <j> is 7r/4. Then the Lorentz 
transformation takes both p + and p_ to 



P 



JH-S3S3] 



i (l-E 3 )(l + S 3 ) 

i(i + s 3 )(i-s 3 ; 



(ii) 



The Lorentz transformation takes the density matrix p 
for a maximally entangled state to the density matrix p A 
for a separable state that is a mixture of just two products 
of pure states. The inverse Lorentz transformation of the 
state of the two particles takes p A back to p. 

The Lorentz transformation changes the density ma- 
trix p of Eq.(0! to 



1 



1 



1)<1| -E -|2) <2| 



(12) 



where 



|1) = D A (p Al )D B (p Bl )\0) 
1 2) = D a (pa 2 )D b ( PB2 )\0). 

The inner product of these vectors is 



(13) 



(2|1) = (0\[D a (pa 2 )}Hd b (p b ^Da(pa 1 )D b ( PBi )\0) 
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= (0\[D A (p Al )] 2 [D B (p Bl )} 2 \0) 

= (O|(cos(/) — iS 3 sine/)) (cos 4> + sin0)|O) 
= Tr[(cos 2 (j) — z(E3 — S3) cos ^ sine/) 



+S 3 5 3 sin 2 4>)p] 



cos (j) ~ sin 4> = cos 20 



(14) 



for the Da, Db and p, either p + or p_ , being considered. 
When 4> is 7r /4, the vectors |1) and |2) are orthogonal, 

The same transformation of the spin density matrix is 
obtained for different kinds of states for the two particles. 
If the state of the two particles is a mixture represented 
by the density matrix © with p described by Eq. ([7]) , the 
Lorentz transformation changes the density matrix to 



1 



Pa 1 ,Pb 1 ) aa (pa 1 ,Pb 1 \® |1)(1| 
hpA 2 ,PB 2 ) AA (PA 2 ,PB 2 \®\2)(2\ 



(15) 



which for the spins gives the density matrix p A described 
by Eq. (fT2")) . If the state of the two particles is a pure 
state represented by a state vector ([5]), which for the 
spins gives the density matrix p described by Eq. ([7]) , the 
Lorentz transformation changes the state vector to 

-5=| PAl ,p Bl ) A |l) + i=|p A2 ,p B2 ) A |2) (16) 

which for the spins gives the density matrix p A described 
by Eq.(0 again. 

The transformation of the density matrix for the mo- 
menta is different for the different kinds of states. When 
the two particles are in a mixed state, the density matrix 
for the momenta is 

2lPAi,PBi)<PA 1 ,PB 1 |+ ^|PA 2 ,PB 2 )(pA 2 ,PB 2 | (17) 

before the Lorentz transformation and 



\pa 1 ,Pb 1 ) aa (pa 1 ,Pb 1 \ 



+ 2lP^2>P-B2 



\A A 



Pa 2 , Pb 2 



(18) 



after the Lorentz transformation. The Lorentz transfor- 
mation does not change the amount of entanglement in 
the state of the momenta of the two particles. Both be- 
fore and after the Lorentz transformation, the state of 
the momenta is a separable state that is a mixture of 
just two products of pure states. 

When the two particles are in a pure state, the density 
matrix for the momenta after the Lorentz transformation 
is described by Eq.(TT5]), the same as for the mixed state, 
because the vectors |1) and |2) are orthogonal, for the 



case where 4> is 7r/4 that we are considering. Before the 
Lorentz transformation, the density matrix for the mo- 
menta is that of the pure state represented by the vector 



1 



1 



V2 



PA^PBt, 



V2 



PA 2 , PB 2 



(19) 



For the p Al = — psj = — pa 2 = Pb 2 being considered, 
this can be chosen to be a maximally entangled state, a 
Bell state, represented by 



1 



V2 



a) A \P) B ±^=\/3) A \a) B 



(20) 



where \a) represents a state for the momentum of a par- 
ticle with values concentrated around p Al and \f3) repre- 
sents a state with momentum values concentrated around 
— PAi- This choice makes the entanglement of the mo- 
mentum states the same as that of the spin states. Before 
the Lorentz transformation, the state described by the 
vector (|2"0"|) for the two momenta is maximally entangled. 
After the Lorentz transformation, the state of the two 
momenta is represented by the density matrix (|18p with 



iPA^PBi) 

Ipa 2 ,Pb 2 ) A 



Ha 



A 

A Hi 



(21) 



The state of the momenta is a mixture of two products 
of pure states, just like the state of the spins described 
by the density matrix (jlip . The Lorentz transformation 
removes both spin entanglement and momentum entan- 
glement, and the inverse Lorentz transformation restores 
both. Previous examples [H suggested that a change in 
the entanglement of the spins might always be accompa- 
nied by a change in the opposite direction of the entan- 
glement of the momenta. 

The options we have described are flexible enough to 
apply to indistinguishable particles. The particles are 
assumed to have spin 1/2, so if the two particles are in- 
distinguishable, for example if both are electrons, the 
state of the particles can combine the Bell state for the 
momenta that is symmetric under interchange of the two 
particles only with the spin state that is antisymmetric, 
and the antisymmetric momentum state only with the 
symmetric spin state. 

Changes between separable states and maximally en- 
tangled states are not made here by going to limits. They 
are made with finite Lorentz transformations of states 
for finite momenta. Fig. Q] shows values of the velocity 
of the Lorentz transformation and the momentum/mass 
ratio for the particles that give the 7r/4 Wigner rotations 
that we use. The calculations were made with the formu- 
las from Halpern [l6| that we have described [IH, Section 
V] . In previous examples [lj , maximally entangled states 
are obtained only in the limit where the velocity of the 
Lorentz transformation is c and the particle momenta are 
infinite. 
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FIG. 1: Values of the velocity v of the Lorentz transformation 
and the momentum/mass ratio |p|/m that give 7r/4 for the 
angle ip of the Wigner rotation. 



The change of entanglement is smaller if is not 7r/4, 
but it is still the same for the momenta as for the spins. 
The state of the spins after the Lorentz transformation is 
described by one of the density matrices p± in Eci. tfTU)) . 
which we can write as 

pi = i[l±(E 1 Hi + E 2 H 2 )cos20+(S 1 a 1 )(E 2 H2)]. (22) 

This shows that for both p 1 ) and pc_ the eigenvalues are 



1 



1 



-(1 + cos 2</>), -(1- cos 20), 0, 



(23) 



because EiSi and E2S2 each have eigenvalues 1 and —1 
and together they make a complete set of commuting 
operators: their four different pairs of eigenvalues label 
a basis of eigenvectors for the space of states for the two 
spins. The Wooters concurrence [I?} is a measure of the 
entanglement in a state of two qubits. It is defined by 



(24) 



C(p) = max 0, v Ai — y A 



where p is the density matrix that represents the state 
and Ai, A2, A3, A4 are the eigenvalues, in decreasing order, 
of /9E2S2 p* E2S2, with p* the complex conjugate that is 
obtained by changing E2 and S2 to — E2 and — S 2 . From 
Eq.([22]) we have 



P i E2S2 ( P i)* E 2 s 2 = pi ( P ir (E 2 s 2 ) 2 = (pi) 2 (25) 

so for pi the ^/Xi are the eigenvalues of pi and the con- 
currence is 



C{pi) = I cos 20| . 



(26) 



The concurrence as a function of the velocity of the 
Lorentz transformation is shown in Fig. [2] for the case 
where |p|/m = 10 for the two particles. 

A zero value of the concurrence (|2"6")) . the mark of a 
separable state, occurs when is 7r/4. We know that a 



FIG. 2: The concurrence C(p A ) as a function of v for \p\/m 
10. 



state of two qubits is separable if and only if a positive 
matrix is the result of taking the partial transpose of the 
density matrix, the transpose for the states of one of the 
qubits 3 IH. For pi, this means changing E 2 to — E 2 in 
the last line of Eq. (fTU|) . The result, with — E 3 S 3 written 
as (EiSi)(E 2 S 2 ), is 



-[l±(EiSi -E 2 3 2 )cos20+(E 1 H 1 )(E 2 3 2 )]. (27) 



For either pi or p^_ , this matrix has eigenvalues 



■ cos 20, 



1 „ , 1 1 
-cos20, -, - 

2 2 2 



(28) 



so the state of the spins after the Lorentz transformation 
is separable only if cos 20 is zero. 

We can think of a qubit formed by the two momentum 
states for each particle and use the concurrence of these 
qubits for the two particles to measure the entanglement 
of their momenta. We use Pauli matrices Ei, E 2 , E3 to 
describe the momentum qubit for particle A and Pauli 
matrices Si, S 2 , S3 for the momentum qubit for particle 
B, taking Ip^i), |pa 2 ) to be the eigenvectors of E3 for 
the eigenvalues 1 and —1 and taking |pbi)i \Pb 2 ) to be 
the eigenvectors of S3. From Eqs. (fT6|) and (fT4)l . we find 
that when the state of the two particles is a pure state, 
the density matrix for the state of the momenta after the 
Lorentz transformation is 



1, 

+ \\PA 2 



A A 



PS 2 



Pa 1 ,Pb 1 \ 



\ A A 



Pa 2 , Pb 2 



+ ^iPAnPfl! 



, A A 



PA 2 , Pb 2 I cos 20 



PA 2 ,PB 2 ) (P-Ai , PSi I COS 20 



i(i + E3)i(i + s 3 ) 

+i(l-E 3 )i(l-S 3 ) 
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i(Ei +ffi 2 )^(3i + iS 2 )cos2</> 
+i(Si -iE 2 )i(Hi -iS 2 )cos20 



= -[l + (E 1 S 1 -S 2 S 2 )cos20 + S 3 S3] (29) 
which we can write as 

hi + (EiSi - E 2 S 2 )cos20 - (£iSi)(E 2 S 2 )]. (30) 



The density matrix for the momentum of particle A and 
the spin of particle B, obtained by taking the trace over 
the spin states of A and the momentum states of B, is 



A 



momentum' B spin 4 



(\a 



A A 
A A 



a 



I B B\ 



IB B 



:-i).(33) 



We can see that this density matrix has the same eigen- 
values (|2"3"|) as the density matrices p± for the spins, so it 
has the same Wooters concurrence (|26|) . which is shown 
in Fig. 2 as a function of the velocity of the Lorentz 
transformation for the case where. By this measure, the 
change in entanglement for the momenta is the same as 
the change in entanglement for the spins. 

We can also see that the partial transpose of this den- 
sity matrix for the momenta, changing E 2 to — E 2 in the 
last line of Eq. (f2"9"|) , gives a matrix that has the same 
eigenvalues (|2"5]l as the partial transpose (|2T|) of the den- 
sity matrix for the spins. For the momenta, as well as for 
the spins, the state is separable only if cos 20 is zero. 

Both before and after the Lorentz transformation, 
there is no entanglement or correlation between any mo- 
mentum and any spin. The density matrix for one mo- 
mentum and one spin is always the product of a density 
matrix for the momentum and a density matrix for the 
spin. There are no two-qubit entanglements or correla- 
tions that increase as the entanglement of the spins and 
the entanglement of the momenta decrease. To see this, 
we write out the state vector (TTB1) as 



1 

72' 



) B D A (p Al )D B (p Bl ) 



± 



±j=Wa \a) B D A ( PA2 )D B ( PB2 ) 



X T2 (\ + )a\ 
(e- t4, \+)A\- 



)B 



± 



±- 



)i \a) B (e*| 



) B ±e- i * 



\+)b) 

a\+)b) 
-U\+)b) 



)b) (31) 



using Eqs. J2I]) and |(T3J) and writing out the Bell- 

state vector |0) in terms of the eigenvectors \±)a of E 3 
and |±)b of 2 3 for the eigenvalues ±1. For example, 
the density matrix for particle A, obtained by taking the 
trace over the states of particle B, is 



A 



®Q+)aa(+\ + \-Ua{-\)- (32) 
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